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We give the first example that a classical operator, the Bernstein interpolation
process, satisfies the Ditzian-Totik theorem.  © 1994 Academic Press, lnc.

1. Ditzian and Totik [1] introduced a new modulus
@, (f; 1) :=sup {14}, fllcr—117; 0(x) =/ 1=x},
|hl <t
where

i (=D () flx+(k—3r)h), if |xx3rhl<1
otherwise,

hf(x)—{

’

and proved that for any fe C[ —1, 1], there exists a sequence of polyno-
mials of degree » such that

I£(x) = Pa(xX) cp -1y S er) o (fin™h).
Recently, Ditzian and Jiang [2] further proved that for any fe C[—1,1]
and 0 <A< 1, there exists a sequence of polynomials of degree n satisfying

|f(x) = Po(x)| Selr, D) @ipu(fin ™ 'o,(x)" %), (1.1)
where §,(x)=n"'4 /1 —x? and
wy{f, 1) ;= sup {”A;qp‘f”C[—l,l];(P(x)=\/l_xz}'

lhl<r
2. In this paper we give the first example that a classical operator, the
Bernstein interpolation process, satisfied the estimate (1.1). The so-called
Bernstein interpolation process is defined by

Bufix)= Y f(xe) mi(x),
k=1
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where
mi(x)=3GL(x) +L(x)),  mu(x)=3(l, 1(x)+3],(x)),
m(x) =4 (X)+ 20 (x) + L (X)), k=2,,n—1,
and
Lix)= (=D M (U= x}) T(x)(n(x~—x,)),  k=1,2,.,n,

are the fundamental polynomials of Lagrange interpolation at zeros of
Chebyshev polynomial T,(x).

3. Our main result is the following

THEOREM. [If fe C[—1,1] and 0 <A< 1, then we have
|B,(f, x)— f(x)| S c(A) wu{f,n'8,(x)' %),

where the constant c(A) is independent of n, f, and x, but dependent on J.
4. We need the following

LEMMA 1| [3]. The following estimate is valid:
Y., m(x)=0(1).
k=1

LEMMA 2 [3]. The following estimates are valid:

m(x)=0(1)n"*|cos nb|/|(cos 8 — cos 8, )(cos & — cos 8,)|,
m(x)=0(1)n =2 |cos nf|/|sin (6 —0,_,) sin 3(0—6,)
xsin $(0— 0, 1), k=2, .,n—1,

4.1)
m,(x)=0(1)n"? |cos n8|/|(cos 8 —cos 8, }cos 8 —cos 8,)],
where x =cos 8 (0< 6 <n), x, =cos 8, =cos(2k — 1)r/(2n).

LEMMA 3. For 0< A< 1, the following estimate is valid

Y Insin 30— 0,)1' % |m,(x)| = O(1). (4.2)

k=1
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Proof. Equation (4.2) follows from Lemma 1, Lemma 2, and the
estimate

Isin 3(6 — 0) ~ 10— 0, ~10,— 0, ~|j—kl/n, k],

where |6, — 0] :=min, ., ., 10, —0|.

LEMMA 4. For any polynomial p, _,(x) of degree <n—1,

1
B.(pr )= [p (cos (9+§)) + 2, (cos 0)

o 03]

Proof. Equation (4.3) follows from the invariability of the Lagrange
interpolation for polynomials of degree <n—1.

holds.

5. Proof of Theorem. Let P,_ (x) be the polynomial of degree<n — 1
satisfying (1.1). Since B, (1, x)=1, we have

B(f,x)—f(x)=B,(f= P, x)+ [BP,_,x)—f(x)] =1+ 1,. (51)
Using (1.1), (4.1), (4.2), and the property of the modulus
wi(fy pt) < e(l+p)wi(f, 1), u>0,

and observing that

S(x,) n~'4sin 0@+ Isin{f—0,)] 1 )
= < 1 ~ - s
5(x) n L +sin@ 2( | nsing (0-6,)
we obtain

(L < () 3 @ fin™ " (3,(x))' %) Imy (x)]
k=1

n

(D) @i (£ (8,0 75) 2 (1 +8,(x,)/8,(x))' %) [my (x)]

k=1

n

Se(A) @, £ (8,(x))' %) 3 (L4 (mIsin 3(0— 01" ) Im(x)]

k=1

Se(A) @il fin H(3u(x))' 7). (5.2)
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For I,, from (4.3) it follows that
L= % |:P,,_l (cos (9 + S)) —f(cos (9 + g)):l
+1|1P,,_1 (cos (9—E>—f(cos (0—E)’
4 n n
1 1
+§ [P,_ {cos 8)— f(cos B)] +Z [f (cos <9+g>) — f(cos B)J

+ % [f (cos (9 — %)) — f(cos 0)] v Dy 4 Iyy + Loy + L+ Ds. (5.3)

Since

8, (cos (0i5))=n'+
n

then using (1.1), we obtain

sin (eig)\ <c(n ' +sin ) = ¢6,(x),

Ly+ 1+ 1, =0(1) w,.(f, n=1d,(x)) %) (54)

Observing that
1 2
1—[—<cos<0+7—[ +cosf )| =sin’ 6+E—
2 n 2n
and according to the definition of the modulus, we have

‘f(cos <0+S>> — f(cos 9)‘

_ |cos(8 + m/n) — cos 0]
S Ogi (f’ (1 = (3(cos(0 + n/n) + cos 6))2)"/2>

a\|' 4 n
(o LT
sm( +2n>‘ sin 2n)

Scwu(f,n18,(x)) A (5.5)

Scwul(f, 2

Similarly,

If(cos (9 —%)) —f(cos 9)‘ <cw,i(fin (8,(x) " 4). (5.6)
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Combining (5.3}-(5.6) yields

L<cw(fon™ ' (8,(x)) %), (5.7)
Finally, (3.1) follows from (5.1}-(5.2) and (5.7). Q.E.D.
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