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We give the first example that a classical operator, the Bernstein interpolation
process, satisfies the Ditzian-Totik theorem. © 1994 Academic Press, Inc.

l. Ditzian and Totik [1] introduced a new modulus

w~(f, t) := sup {IIA~rpfllC[-I, I]; cp(x)=~},
Ihl.;; I

where

A~f(x)= {L~=O (_I)k (~)f(x+(k- ~r)h),
0,

if Ix ± ~rhl ~ 1,
otherwise,

and proved that for any fE C[ -1, 1], there exists a sequence of polyno
mials of degree n such that

Ilf(x) - Pn (x)1I C[ -1,1] ~ c(r) w~(f, n -I).

Recently, Ditzian and Jiang [2] further proved that for any fE C[ -1, 1]
and 0 ~ A. ~ 1, there exists a sequence of polynomials of degree n satisfying

If(x) - Pn(x)1 ~ c(r, A.) w~"(f, n -lbn(x)l- A), (1.1)

where bn(X)=n-I+~ and

w~"(f, t) := sup {IIA~rp"fllC[ -I. I]; Ip(x) = ~}.
Ihl.;; t

2. In this paper we give the first example that a classical operator, the
Bernstein interpolation process, satisfied the estimate (1.1). The so-called
Bernstein interpolation process is defined by

n

Bn(f, x) = L f(xd mk(x),
k ~ 1
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where

and
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m l(x) = ~(311 (X) + 12(x)), mn(x) = ~(ln _ I (x) + 3ln(x )),

mdx) = ~(lk-l (x) + 2ldx) + lk+ I (x)), k = 2, ..., n -1,

k = 1, 2, ..., n,

are the fundamental polynomials of Lagrange interpolation at zeros of
Chebyshev polynomial Tn(x).

3. Our main result is the following

THEOREM. If fE C[ -1, 1] and 0 ~), ~ 1, then we have

where the constant C(A) is independent of n, f, and x, but dependent on A.

4. We need the following

LEMMA 1 [3]. The following estimate is valid:

n

L mdx)=O(I).
k~l

LEMMA 2 [3]. The following estimates are valid:

m L(x) = 0(1) n -4 Icos n81/I(cos 8 - cos 8d(cos 8 - cos ( 2 )1,

mk(x) = 0(1) n -3 Icos n81/lsin !(8 - 8k_ d sin H8 - 8k)

k=2, ... ,n-l,

where X= cos 8 (O~ 8 ~ n), Xk = cos 8k =cos(2k -1 )n/(2n).

LEMMA 3. For 0 ~ A~ 1, the following estimate is valid

n

L In sin H8 - 8kW-) Imk(x)1 = 0(1).
k~1

(4.1 )

(4.2)
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Proof Equation (4.2) follows from Lemma 1, Lemma 2, and the
estimate

LEMMA 4. Foranypolynomialp,,_,(x) of degree ~n-l,

B" (p" _ 1 , x) = ~ [ p" _ I (cos ( e+ ~)) + 2p" _ I (cos e)

(4.3 )

holds.

Proof Equation (4.3) follows from the invariability of the Lagrange
interpolation for polynomials of degree ~ n - 1.

5. Proof of Theorem. Let P" _ 1 (x) be the polynomial of degree ~ n - 1
satisfying (1.1). Since B,,( 1, x) == 1, we have

Using (1.1), (4.1), (4.2), and the property of the modulus

and observing that

b(Xk)=n-l+sine+lsin(e-edlS:2(1 I . !(e-e )1)
~ - I . e "'" + n sm 2 k,u(x) n + sm

we obtain

"1111~ c(A) L W<pA(f, n -1(b,,(xd)1 - A.) Imk(x)1
k~L

"
~ c(A) W<pA(f, (b,,(X))I-i,) I (l + b,,(xd/b,,(x))I-),) Imdx)1

k=l

"
~ cO.) W'1';, (f, (c5" (x)) I- A) I (I + (n Isin ~ (e - ed II - A) Irndx) I

k=1

(5.2)
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For 12 , from (4.3) it follows that

12=~ [Pn - I (COS (e+~))-f( cos (e+~))]

+ ~ [ Pn _ I ( cos ( e- ~) - f ( cos ( e- ~) I

+ ~ [Pn - I (COS e) - f (cos e)] + ~ [f ( cos ( e + ~) ) - f (cos e)]

+ ~ [f (cos ( e - ~) ) - f(COS e)] :=121 + 122 + 123 + 124 + 125 , (5.3 )

Since

bn ( cos ( e± ~)) = n- I + Isin ( e± ~) I~ c(n- I + sin e) = cb n (x),

then using (1.1), we obtain

Observing that

and according to the definition of the modulus, we have

If ( cos ( e+ ~) ) - f (cos e) I

Similarly,

(
Icos(e+n/n)-cosel )

~W<pA f, (1-(!(cos(e+n/n)+cose»2»)./2

~ cw<p,(f, 2/ sin (e + 2
1rn) 11 - A sin ;n)

~ CW<pA(f, n -lbn (x»1 - A. (5.5 )

If (cos (e -~)) -f (cos e)1 ~ cw<p;(f, n-I(bn(x»l- }.). (5.6)
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Combining (5.3H5.6) yields

12 :::;; CWcpA(f, n- 1(<5 n (x))J -J.).

Finally, (3.1) follows from (5.1 H5.2) and (5.7).
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